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Abstract 

We realize noncommutative phase spaces as coadjoint orbits of 
extensions of the Aristotle group in a two-dimensional space. Through 
these constructions the momenta of the phase spaces do not commute 
due to the presence of a naturally introduced magnetic field. These 
cases correspond to the minimal coupling of the momentum with a 
magnetic potential. 
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1 Introduction 

Classical electromagnetic interaction can be introduced through the mod- 
ified symplectic form a = dpi A dq' + ^Fijdq^ A dq^ ([I], [3], [H]). This 
has been initiated by J.M.Souriau ([14j) in the seventies. Recently many 
authors ( [4], [5], [7], [8], [16], [IT],...) generalized this modification of the 
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symplectic form by introducing the so-called dual magnetic field G by con- 
sidering a = dpi A dq^ + ^Fijdq' A dq^ + \G^^ dpi A dpj. The fields F and G 
are responsible of the noncommutativity respectively of momenta and po- 
sitions. Noncommutative phase spaces are then defined as spaces on which 
coordinates satisfy the relations: 

{q\q^} = G'i , {q\p,} = 5] , {p..P,} = F,, 

where is a unit matrix, whereas G*-' and Fij are functions of positions and 
momenta. Moreover the physical dimensions of G*-' and Fij are respectively 
M~^T and MT~^, M representing a mass while T represents a time. 

In this paper we use Souriau's method ([H]) also called coadjoint orbit 
method to contruct phase space endowed with modified symplectic struc- 
ture. We consider the case where the symmetry group is the Aristotle group 
and realize noncommutative phase spaces on the maximal coadjoint orbits 
by using both the noncentral extension and its corresponding central ex- 
tension. In both cases, we obtain a partially noncommutative phase space: 
only momenta do not commute. This noncommutativity is measured by a 
term which is associated to the naturally introduced magnetic field. With 
the noncentral extension, one can not find the equations of motion because 
coordinates on the coadjoint orbit do not depend on the time. To overcome 
this situation, we have considered the central extension of the above non- 
centrally extended Aristotle group. 

The paper is organized as follows. In section two, we give symplectic 
realizations of the Aristotle group in two-dimensional space using its first 
and second central extensions. In the third section, we realize symplectically 
both the noncentrally extended Aristotle Lie group and its central exten- 
sion counterpart. As the coadjoint orbit construction has not been curried 
through this Lie group before, physical interpretations of new generators of 
the extended corresponding Lie algebras are also given. 

2 First and second central extensions of the 
Aristotle group 

It is well known that a free dynamical system is a geometric object for 
the Aristotle group ([E]) which is the group of both Euclidean displace- 
ments and time translations. Explicitly, the Aristotle group A{2) in a two- 
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dimensional space is a Lie group whose multiplication law is given by 

{e, X, t){e', x\ t') = {e + e', R{e)x ' + x,t + t') (i) 

where x is a space translation vector , t is a time translation parameter and 
is a rotation parameter. 

Its Lie algebra A is then generated by the left invariant vector fields 

d ^ d d 

such that the only nontrivial Lie brackets are 

[J,P^=Pjei, i,j = l,2. (2) 

The multiplication law ([1]) implies that the element g of this group can be 
written as: 

g = exp(fP + tH) exp{ej) (3) 
2.1 First central extension of ^(2) 

From the relation exp(27r J)ff exp(— 27r J) = H and by use of the standard 
methods ([6], [9], [10], [TT], [13]), we obtain the following nontrivial Lie 
brackets for the first central extension A of ^(2) 

[J,Pi]=P4, [Pi,Pj] = ^Seij, i,j = 1,2 (4) 

where S generates the center of A while r is a constant whose dimension is 
a length. 

Let g be given by ([3]) and g = exp{ipS)g be the corresponding element in 
the connected Lie group associated to the extended Lie algebra A. By use 
of the Baker-Campbell-Hausdorff formulae ([2]) and by identifying g with 
{(f, 6, X, t), we find that the multiplication law of the connected extended Lie 
group is: 

((^, e, X, t){ip', e\ X ', t') = {if' + ^R{-e)x xx' + ip,e + e', R{e)x ' + x,t + t') 

or equivalently 

{a,g){a',g') = {a + a' + c{g, g'), gg') 
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where c{g, g') = ^R{—9)xxx ' is a two-cocycle and gg' is the muhiphcation 
law ([1]). 

The adjoint action Adg{5g) = g{5g)g~^ of A on the Lie algebra A is given 
by: 

A(i(^e,x,t) i^V, Sx, 6t) = {6ip + \R{-e)x x Sx - -^x ^59, 69, R{9)5x + e{x)59, 5t) 
with 

= ( i ) (5) 

If the duality between the extended Lie algebra and its dual is given by the 
action j59 +p.5x + I6(p + E5t, where p is a linear momentum, / is an action, 
j is an angular momentum while E is an energy, then the coadjoint action 
of the Aristotle Lie group is 

^^(x,t,9)(j'P'^'^) = (j + ^(^^) + ^ X R{9)p,R{9)p- muje{x),l,E) 

where we have used the "wave-particule duality" Ilo = mc^ and the relation 
c = ujr linking the velocity c, the frequency uj and the universe radius r. 
The Kirillov form in the basis (J, Pi, P2,H, S) is 



Kia) 



The coadjoint orbit of the central extended Lie group on the dual of 
its Lie algebra is characterized by the two trivial invariants I and E, and a 
nontrivial invariant 

where p and q are defined by 

Q = , P = Pi (7) 

Let us denote by ©(s,;,^;) the maximal coadjoint orbit of the Aristotle group 

A{2) on the dual of its central extended Lie algebra. 

The restriction il. = (i^ab) of the Kirillov form to the orbit is then 
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It follows that the symplectic form is then a = dp A dq. 
The symplectic realization of the Aristotle Lie group is 

Drg gt){p, q) = (cos 9 p + mojqsmO — mujx^ , — — sin 6* + gcos 6 — x^) 
^ ' ' ' rribj 

The Poisson bracket corresponding to this symplectic structure is then the 
canonical one and the time translation subgroup acts trivially on the orbit. 
To overcome this fact, let us study the symplectic realization of the second 
central extended Aristotle Lie group. 



2.2 Second central extension 

By using standard methods, we have that the second central extension of 
Aristotle Lie algebra in two-dimensional space is generated by: J, Pi, P2,H, S, N 
satisfying the nontrivial Lie brackets: 

[J,R^=Pj4, [Pi,Pj] = ^Seij, [S,H]=ujN 
The multiplication law of this extended Lie group is given by: 

{tp,ip,e,x,t){^ij',cp',9',x',t') 

= {^ + il:' - ujttf', if' + \Ri-e)x X X ' + v?, 6* + 61', R{e)x ' + x,t + t') 

The adjoint action of A on its extended Lie algebra is explicitly given by 

Adi^ipfi,x,t) {Sip, 69, Sx, St) 



{5i) - ujt6ip + u}(p5t, dip + ^R{-9)x X 6x ^x'^59, 59, R{9)6x + e{x)69, 5t) 

r It 



where e(x) is given by the relation (0). 

If the duality between the extended Lie algebra and its dual is given by the 
action jb9^'p.bx^Ebt^lbLp^hb'il), then the coadjoint action of the extended 
Aristotle Lie group is such that 



(j + X X R{9)p- ^ ^ ^'f^ x '^,R{9)p+ X^e{x) + ^ojte{x), E - huip, I + hujt, h) (8) 
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meaning that /i is a trivial invariant. 

In the basis (J, Pi,P2, H, S, N), the Kirillov form is 
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The coadjoint orbit of A on the dual A* of the second central extension 
Lie algebra is characterized by the trivial invariant h and by the nontrivial 
invariant given by relation ([6]). 

The maximal coadjoint orbit is quadri-dimensional and is denoted by C'(/x,s)- 
The restriction Q = {^ab) of the Kirillov form ([9]) to the orbit is then 
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-hbJ 





It follows that the symplectic form is in this case given by 

a = dp A dq + da A dl 

where 



a 



E 



From the relations we get that the symplectic realizations of the ex- 
tended group on its maximal coadjoint orbit {p ' ,q I', a') = -D(<^,e,a;i,x2,i) (P^ qJjO() 
is 

h 

71' 



P 



cos 9 p — muj sin 9 q — mujx^ H — T^ux'^t, I' = I + hut 



1 



mui 



■ sin 9 p + cos 9 q — X 



h 



■x^t, a' = a + ip 



The Poisson bracket of two functions /i and /2 on the orbit corresponding 
to the above symplectic form is 

' dp dq dq dp 31 da da dl 
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It follows that 



{p,q} = 1 , {l,a} = 1 



the other Poisson brackets being trivial. 
The equations of motion are then 

dp dl , dq da 

-i- = , — = hu} ,^ = , — = 

dt dt dt dt 

In this case, the coadjoint orbit is a direct product of two 2-dimensional 
phase spaces = {{p-,q)}) and B? = {(/,a)}). Note that a is a dimen- 
sionless quantity. For its particular value ck = the energy E is given 

by 

E = hw (10) 

where h = 2Trh, relation analogue to that of Quantum Mechanics. 
With the second central extension of Aristotle group in two dimensional 
space, we have then also realized a phase space with commuting coordinates 
(canonical case) . Moreover, the position and the linear momentum do not 
depend on time. 

We prove, in the following section, that noncommutative phase spaces can 
be obtained by considering the noncentral extension of the two-dimensional 
Aristotle group. 



3 Noncentral extension of Aristotle group 

In the previous section, we find that one can not construct noncommutative 
phase spaces by coadjoint orbit method on the first and second central ex- 
tensions of the Aristotle group because symplectic structures obtained are 
canonical which means that positions commute as well as momenta. 
In this section, we see that this construction is possible when we consider a 
noncentral extension of this Lie group. 

3.1 Noncentrally extended group and its maximal 
coadjoint orbit 

Let ^1 be the noncentrally extended Aristotle Lie algebra satisfying the non 
trivial Lie brackets 

[J, Pi] = P,4, [J,F,] = Ffcef, [Pi,P,] = ^Seij, [P^,H] = F„ ij = 1,2.(11) 
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li g = exp{{pS + fJF) exp{xP) exp{9J) exp{tH) is the general element of 
the connected extended Aristotle group, we verify that the corresponding 
multiplication law is 

{^", 6", ff X t") = e, ff, X, t){^', 6', ff',x', t') 
with 

= + ^R{-e)x X f + ?7 " = R{e)f] ' - R{e)x 't + 77 

X " = R{e)x ' + f , 9" = 9' + 9 , t" = t' + t 

It follows that the adjoint action of the noncentral extended Aristotle group 
on its Lie algebra is such that 

59' = 69, 6t' = 6t, 5x ' = R{9)6x + e{x)69 

6f] ' = R{9)6f] + e{f])6e - R{9)5x t + x6t 

1 x'^ 
6ip' = 6ip + -^Ri9)x X 5x- —r69 

If the duality between the extended Lie algebra and its dual is given by the 
action j69 + f.6f] +p.6x + h6(p + E6t, then the coadjoint action is such that 
h' = h and 

/ ' = Ri9)f, p' = R{9)p + R{9)ft + (12) 
j' = j + xx R{9)p + r/ X R{9)f- ^x^ (13) 



E' = E- x.R{9)f (14) 

The coadjoint orbits denoted by ©(hj.;/) are characterized by the trivial 
invariant h and by two nontrivial invariants / and U given by: 

/= 11/11, U = E+—ipxf) 

where the wave-particle duality and the relation c = ur have been used. 
Let /i = fcoscp , /2 = fsin(j). The inverse of the restriction of the Kirillov 
form on the coadjoint orbit in the basis ( J, Fi, Pi, P2) is 
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The symplectic form on the orbit is then 



a = dj /\ d(j) + dp /\ dq -\ dp /\d(j) + mujq dq A d(f) (15) 

muj 

where pi and q are given by d?]) . 

The invariant U can be written as U = E + v{psm(j) + moj qcos(f>) where 
V = — is a velocity. 

The Poisson bracket of two functions g\ and corresponding to the sym- 
plectic form (lisp is given by 

r ^ dgidg2 _ dgidg2 _^ dgidg2 _ dgi dg2 

dp dq dq dp dj d4> dcj) dj 

^mujq{—— - _ _P_(^^^ _ ^91 dg2 ^ 

dj dp dp dj muj dj dq dq dj 

We then have the following non trivial Poisson brackets within the coordi- 
nates on the maximal coadjoint orbit: 

{j,p} = muj q , {(/),q} =0 (16) 



{j,^} = l, {p,q} = l (17) 

{j,q} = -— ,H,P} = (18) 
mu 

The relations p6p mean that momenta {j,p) do not commute but the con- 
figurations coordinates {(j), q) commute, the relations (jl7p mean that j is 
conjugated to <j) and that p is conjugated to q, the relations (jlSp mean that 
j do not commute with q while p commute with cp. 

Let the symplectic realization of the extended Aristotle Lie group on its 
coadjoint orbit be given by (j ',(/) ',p ',q') = L(e ,,i^^2^^i^^2^j)(j, 0,^, g) . By 
using relations ([12]) to (fT3|) . we obtain 

j ' = j + p{sm 6 — cos 9 x^) — moo q{cos 9 x^ + sin 9 x^) + fj x R{9)f — moox^ 

\ 

p' = cos9 p + moosm9 q — moox'^, q' = sm9 p + cos9 q + x^ , (j)' = (f) + 9 

moo 

It follows that i(o,o,o,o,o,t)(j) '^jPj i) = (ji 4'-,P-, q) meaning that all the coordi- 
nates j,(j),p and q on the maximal coadjoint orbit are constant with respect 
to the time t. To overcome this situation, let us consider the central exten- 
sion of the noncentrally extended Aristotle group. 
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But first note also that the symplectic form (jlSp can be written in the 
canonical way as 

a = dH A dr + dp A dq (19) 
where H = juj + ^ + '^^^ is an energy while r = ^ is a time. 



3.2 Central extension of the noncentrally extended 
Aristotle group 

Consider the central extension of the Lie algebra defined by (jlip satisfying 
the non trivial Lie brackets 

[J,P,] = P,e;, [P„P,.] = -L5e,,- (20) 
[J, Fj\ = Fie] , [Pi, H]=Fi, [Pi, Fj] = K6ij 

We recover the Lie algebra defined by ^ when Fi = 0, K = and 5 = 0, 
the Lie algebra defined by Q when Fi = 0, K = and the Lie algebra 
defined by (|lip when K = 0. Consider now the general Lie algebra defined 
by ([20]). 

Let g = exp{ifS+'yK) exp{tH) exp(r/F+xP) exp(0J) be the general element 
of the corresponding connected extended Aristotle group. By identifying g 
with ((/?, 7, 77, X, 6') the multiplication law g" = gg' is such that 

ip" = ip' + X R{-e)x ' + 99, e" = 9' + 9, t" = t + 1', 

7" = 7 ' + lx.R{0)v ' - ^(r/+ X t').R{0)x ' + 7, 
ff' = R{9)f]' + ff + x t', x" = R{9)x' + x 



It follows that the adjoint action of the extended Aristotle group on its Lie 
algebra is such that 

6j' = 5'y + X X R{9)6f] - ffx R{9)5x - ffx x59 + ^x'^St 
5ff' = R{9)5ff+ e{ff-x t)69 - tR{9)5x + x5t 

1 x'^ 

Sip' = 6ip + -^R{-9)x X 5x ^69 

5x ' = R{9)^x^t{x)b9, bi! = 5t, 59' = 69 
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where e(x) is given by the relation ([5]). 

If the duahty between the extended Lie algebra and its dual Lie algebra gives 
rise to the action j66 + f.Sff + p.Sx + h6ip + E5t + k6^, then the coadjoint 
action is such that 

h' = h, k' = k (21) 

and 

p ' = R{e)p + R{e)ft + k{ff-xt) + ire{x) J' = R{e)f- kx (22) 



j ' = j + X X R{e)p + fj X R{e)f- 2 (23) 

2r^ 

E' = E- x.R{9)f + hix^ (24) 

where ^ is a linear momentum, h is an action, / is a force, k is Hooke's 
constant, E is an energy and j is an angular momentum. 
The coadjoint orbit is, in this case, characterized by the two trivial invariants 
h and k (j2ip . and by the nontrivial invariants s and U given by: 

s = j — p y< q+ —muq , U = E — —kq 

where 

q = -{ (25) 
We see that the coadjoint orbit is 4— dimensional. Let us denote it by 

C(h,fc,s,f/)- 

The restriction = {^lat) of the Kirillov form to the orbit is then 



n 



f mu k \ 

—muj OA; 

-k 

V -k J 



The modified symplectic form is explicitly given by 

a = dpi A dq"- + ^muje'^dq'' A dq^ 
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where q is given by relation (|25p . 

If {ya) = (pi,P2> Q^i 9^), the Poisson brackets are then exphcitly given by 

dH dg dH dg ^ dH dg 
' dpi dq^ dq^ dpi dpi dpj 

where 

Fij = -mueij 

This imphes that 

{pi.Pj} = Fij , {pi,q^} = 51 , {q\q^} = 

Let the symplectic reahzation of the extended Aristotle Lie group on its 
coadjoint orbit be given by {p',q') = L(^0 fjgi){p,q) . By using relations 
(1221). we have 



p' = R{e)p- k[{R{e)q + vecx)t - f]\ + he{x), q' = R{e)q + x 
It follows that {p{t),q{t)) = i^(o,o,o,o,o,i)(P5 ^) gives rise to 

p{t)=p-kqt, q{t)=q 
The equations of motion are then 

dt - ""^^ dt - " 

So with the central extension of the noncentrally extended of the two- 
dimensional Aristotle group, we have realized a phase space where momenta 
do not commute and this noncommutativity is due to presence of the mag- 
netic field 

Fij = —mujtij = —eBeij. (26) 

Moreover, this phase space ( the orbit) describes a spring submitted to a 
Hooke's force {F = —kq) which does not change the elongation in time. 



12 



4 Conclusion 

In this paper, we have proved that one can not construct noncommutative 
phase spaces by the coadjoint orbit method with the first and the second 
central extensions of the two-dimensional Aristotle group because symplec- 
tic structures obtained are canonical. But by considering the noncentrally 
extended Aristotle group and its corresponding central extension, we have 
realized partially noncommutative phase spaces (only momenta do not com- 
mute). In the first case, all the phase space coordinates do not depend on 
the time. To overcome this situation, we have considered the central exten- 
sion of the above noncentrally extended Aristotle group. The phase space 
obtained in the latter case describes a spring submitted to a Hooke's force 
(F = —kq) which does not change the elongation in time. Furthermore, 
the noncommutativity of momenta is measured by a term which is associ- 
ated to the naturally introduced magnetic field (j26p . Moreover, this case 
corresponds to the minimal coupling of the momentum with the magnetic 
potential ([l2]). 
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